
 Equivariant Homotopy Theory

We will always assume that G is finite All cats are a cats

Motivation spectral Mackey functor is a model of equivariant htpy

thy

History Guilton ⼀ May 2013 model of G spectra

Barnick ⼀ Glasman Shah 2015 model of equivariant
algebraic K for
Waldhausencs.cat

w G action

Barwick 2017 model of equivariant hepy thy extended
comeearlierl

to pnofuite G

PART I Equivariant stableI htiyviaspe.tnal Mackey functor
Spectral Mackey

furetor.ecat w pullbacks Span e cat of spans in e

Span e dj

ohjemnixyi.fi a Mone
compositions are given hypullback.ie

x y
为

x z ya



span from x to y

Xzy
I
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x
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Recall that for e Fina cut of finite G sets

after Grothendieck completion on each morphism in Span Fina

one gets the Burnside category AIG Spant Fina

Rk In Barwick's paper he defined the effective Burnside

cat AefG Span Fina

Omitted

Puop Barwick17 Pup 4.3 If l has

pullbacks

dg e I finite copnoducts

finite copnoducts are disjoint universal ie

Tie I exi E HiEI Xi

then Sian e has divert sums.ie

Span t is pointed

semiaddi.ie
2 Span e has finite products copno

duets

31 For I finite Xi ESpanl.ie I

Hi EI Xi ⼀ Tlif I Xi



Pmp Span e has a symmetric monoidal structure w nuit

Moreover e 1 Span e is lax sym mon when the

source is Cartesian monoidal

IDEA Induced by products on e
Barwick 2017 Theorem 2.15

Rk Span e is not additive

If l semiadditive then CMon e E e

Def Lee e be'ijmiiiiks
tgo iiiiiiieited.finieepn.hn

copnlnts

0 valued Mackey functor one is the lcolpnoduie.iiies.eu

functor Span e 0

Wriee Mack e i D FnniSpane D

Def MackalSp MackI Fina Sp is called the cat of
spectral Mackey functors Denoted 多 Spa

Pup 17 For semiaddit.ve additive stahle.Nlack1e D

alssemiadditive additive stable

2 Mack e admits a sym mon stuntune ly
Day convolution if D has a sym mon structure

In this case sym.mon.str.is given 多 the left



Kan extension

e x e o 0

e 0

e iii 0

F G 14 lax a die cxe exe FIC⼋ 0 GC2

Equivariant Istable homotopy theory

Theorem 1 Guillou May MakaSpl Spa is equivalent to

the cat of genuine G spectra orthogonal G spectra model

Now to set up the basic equivariant htpy thy via spectral Macky

functor

Unstable
settings

Def cat of G spaces Sa Fun Oǎ S

pted Sa Fun Oǎ 5

Here Oa orbit cat

S cat of spaces
T get a G space from a G spectrum one needs the

infinite loop space functor

Def infinite loop space functor 2 is the composite

Spa Fun ISpanlFinal Fun Span1Final St
Fun Fin 5

惢热
E Fun1 0 5 Sa



It has a left adjoint Ii Sa Spa

Lem Let I E Fina X E Spa

Mapa II X X II
mappingspeetuum

Fixed pts restrictions induitions

Def Let X E Spa the categorical fixed pts of X on

K G is
K X G K Mapa E Glk X

Def Let K G We have

restriction map resq Spa Spk
induction map indq Spk Spa

st 17 y the following adjoint pair
Fina

F

ini ⼼ sp

one has

res台 X X 0 1G xk c 1
ind IX X Forget

21 res台 and ind台 both preserve pullback

ind台 tres台



3 Wirthmiller iso res台 t.ind台

eg ind台 X Ge 1X 0 Forget I Gle

X ⼝gealk gk
X 1 geak K

gealk X1 K e

ie.in d台X 1Gk1 fold copnoduct of X

eg Traditionally the Mackey functor M Span Fina Ab

consists of following data

1 sending 1 to ie M 1 Gk1 MCGK

21 since Oa SpanFinal Oa SanFinal

in iáiniǎ 舀 ⼼

品 in
M

Mtr是con us't

for K HE G 0 gki
sgH.st.tr.ves satisfy chain rules and

HrEWHK.XEMCGIKI.ge M GH

tr是 1 8 x tr炗Iㄨ 1

r res'taxl resitxl

res't tr IZ Ʃrr.trYnkcxi.TK H



In our case G Cp only two orbits Cplcp and

Cple So we have

tri M Cple M Cikp

res⾄ M Cikp MCGk

To compute the Day convolution of M

N.IMN ICpCp

tr I lresi
M N Cple

Note that 多 definition

M N X cilin_x MIX I NIX21

⼆ 坐只xxz y
MIX11 NIX2

In our case it's

M N Cple golims_
Ge

MIAl NCB

⼆ evaluate at final ohj of FinaAxB
M Glel NCCpk cǐe

M N CpCp is a little bit tricky since we

need to have a well defined transfer satisfying the

desired properties

Artificially introduce all transfers

IM N Cplcp M Cilcp NCikp imltr

where im tr M Cple N G e cp



s.t t r l r a bl t r l a b as in

r E Cp acts diagonally ⼀ compatible w im

Thus we have

MeCple MCCile
Here rexi x resix y 1 tri 5 xtiiji三点愁
is thefixedpt rinixl rNlyl e trx y trix niy

I MIGIGI N C 1 imtr I

PART I HHR norms

We want to discuss smash products where the index set admits

a group action We need to interpolate between Spk ranging over

snhgps K G

Def coinduction map coindq Spk Spa is given

hy coind台X1 Mapk G X

Rk sǎiitssn

Wirthninller iso india E coind台

mappingspace

Rk Can also write coind台 Sk Sa x 1 MapkIG x



Construction N台 is the sym mon left Kan extension as follows

Sk coindiE Sa
⼀ 1 1

Sk __ˇˊ_ Sa

The HAR norm is defined to be the stable version

Sk Ni

Sqi三 I
Spk ⼀ NE Spa

Here we abuse the notation

Cor resE NE E 1
191

Aside Taditionally X orthogonal spectra X Cn on factors

K G X K spectrum then HHR norm is defend

to be

NEX gkdaklgiklnx.in x

PART TI Isotropy separation

Denote Spa full subcat of Spa gen y orbits

II Glk for K G

Def I Thn Thegeometric fixed pts functor is defined to be
1



the localization 出 Spa siidiespir.si
where the lattarisanequivbetweensym.mon.cats

Now to relate this def.to the one we're familiar with

Let F famiy of subgps of G closed under conjugation

Oā Oa he the full subcat spanned y transitive

G sets whose isotropy lies in F

Aside isotwpy stabilizer

EF 三 colimoā 1 Oá_ sǎgdaemb
nestuiition

colimaHEOE Homsa GA 11

Pmp EF
K

E

I
K C G

K G

So EF is a G space

IEF K EFI G K colimalHEOEHomsalGIH.GLk

Construction Let EF cofib EF E 5 Weget
the isotropy separation map

EF 5 F
and EFK E

f
K G

5 K G



Thn IG E EF 19

g def I is sym mon

Pmp IG.EE II 0 1 1 as sym mon

Some other relations

Then ⼀ is initial
among Fun'ii I Spa Sp the colimit

preserving lax sym mon functors

lax sym mon transformation ⼀ G E

Homotopy fixed pts

FACT E semi additive

gtiittiniiǎEMack Fina

Let X E Spa K G then

xhk Map BG X
K

Span Fināel SpanIFina

MackIFine El d MackFina i E

in IBG El


